In this paper, we establish that the controllability and observability properties of fractional dynamical systems in a finite dimensional space are dual. Using this duality result and the Mittag-Leffler matrix function, we propose the stabilizability of fractional MIMO (Multiple-input Multipleoutput) systems. Some numerical examples are provided to show the effectiveness of the obtained results.
Introduction
Many real systems are better characterized by using a non-integer order dynamic model based on fractional calculus. Fractional order system is a system described by an integro-differential equation involving fractional order derivatives of its input(s) and/or output(s). The research in this area is inherently multi-disciplinary and its application is found across diverse disciplines in automatic control [23, 26, 28, 33] , that is, system identification, observation and control of fractional systems, etc. In control theory, the qualitative behaviors of dynamical systems are controllability, observability and stability. Now the study of such qualitative behaviors in fractional dynamical systems are important issues for many applied problems because the use of fractional order derivatives and integral in control theory leads to better results than integer order ones.
Controllability is one of the fundamental concepts in control theory, it means that it is possible to steer a dynamical system from an arbitrary initial state to arbitrary final state using the set of admissible controls. The problem of controllability of linear systems represented by fractional differential equations in finite dimensional spaces has been extensively studied by many authors [1, 12, 21] . Balachandran et al. [6, 7, 8, 9 , 10] established sufficient conditions for the controllability of nonlinear fractional dynamical systems with or without delays in finite dimensional spaces using fixedpoint techniques. More recently, controllability of higher order nonlinear fractional dynamical systems are also studied by Balachandran et al. [4, 5] .
The dual notion of controllability is observability. It is defined as the possibility to deduce the initial state of the system from observing its inputoutput behavior. This means that from the system's outputs it is possible to determine the behavior of the entire system. Several authors (see, for instance [11, 30] ) have established the results for observability of linear fractional dynamical systems using Grammian matrix and rank conditions.
The concept of stability is extremely important because almost every workable control system is designed to be stable. Stability is an important qualitative behavior of a dynamical system. It means that system remains in a constant state unless affected by an external action and returns to a constant state when the external action is removed. The stability of solution is important in physical applications, because deviations in mathematical model inevitably result from errors in measurement. A stable solution will be usable despite such deviations. The study of the stability of fractional system can be carried out by studying the solutions of the differential equations that characterize them. In [17] , it is observed that the analysis of stability in fractional order systems is more complicated than in integer order systems even though it may have additional attractive feature over the integer order system. Recently the stability of linear fractional dynamical systems has attracted many researchers [22, 24, 25, 29, 31, 32] . Li et al. [16] studied stability of nonlinear fractional dynamical systems by introducing the concept of the Mittag-Leffer stability and fractional Lyapunov direct method.
In the field of fractional order control systems, one of the challenging problems related to stability theory is stabilizability. It means that if a system is not stable by itself, then the question arises whether it can be stabilized by choosing appropriate control inputs. In this paper, we discuss the stabilizability of linear fractional MIMO systems (Multiple-input Multiple-output systems) in finite dimensional spaces by using the feedback control. Examples are provided to illustrate the results.
The organization of this article is divided into sections and subsections as follows. Section 2 contains some basic definitions from fractional calculus and some preliminary observability and duality results related to the controllability of linear fractional dynamical systems. In Section 3, we establish the stabilizability of fractional dynamical systems by using linear feedback control. Finally, Section 4, presents some numerical examples which illustrate the theoretical results.
Preliminaries
In this section, we introduce the definitions and preliminary results from fractional calculus which are used throughout this paper (see, for instance, [13, 14, 15, 18, 27] ).
Basic Definitions
Let α ∈ R with n − 1 < α ≤ n, n ∈ N, [a, b] be a finite interval of the real line R and f (t) ∈ AC n [a, b] . The following definitions give the well known operators of fractional calculus.
Definition 2.1. The Riemann-Liouville fractional integral of order α > 0 is defined as
Definition 2.2. The left-sided and right-sided Caputo fractional derivatives of order α > 0 are defined by the operators
provided they exist almost everywhere on [a, b] . In particular, when 0 < α < 1, 
Adjoint of Caputo Fractional Derivative
In order to discuss the duality results, we consider the adjoint of the [20, 34] ).
From (2.1), we get
We know that
From (2.2) and (2.3), we conclude that
where
Observability Result
Consider the linear time invariant fractional order system with right sided Caputo fractional derivative as
Along with (2.4), we have a linear observation
where x ∈ R n , y ∈ R m , A ∈ R n×n and B ∈ R n×m . Definition 2.6. The system (2.4), (2.5) is observable on an interval J if
Lemma 2.1 ([2]). The linear system (2.4), (2.5) is observable on J if and only if the observability Grammian matrix
is positive definite.
Duality Result
Consider the linear time invariant fractional order control system
where u ∈ L 2 (J, R m ). The solution of this system is given by
Definition 2.7. The system (2.7) is controllable on J if, for every pair of vectors x 0 , x 1 ∈ R n , there is a control u(t) ∈ L 2 (J, R m ) such that the solution x(t) of (2.7) satisfies the conditions x(0) = x 0 and x(T ) = x 1 .
Define the controllability Grammian matrix M as
and take the control as
Observe that the control (2.8) steers the system (2.7) from x 0 to x 1 . Further, system (2.7) is controllable if and only if the controllability Grammian M is positive definite [11] . Now we discuss the duality results of observability and controllability in fractional dynamical systems.
Lemma 2.2 ([3]). The system (2.7) is controllable on J if and only if the adjoint linear system
is observable on J.
Main Result
In this section, we establish that the linear fractional dynamical system (2.7) has certain relationships between controllability and stability. In order to explain these connections, we recall stability definitions of fractional dynamical systems. Matignon [19] derived the stability and asymptotic stability of fractional dynamical system C D α 0+ x(t) = Ax(t) using the eigenvalues of A as:
• asymptotically stable iff | arg(spec(A))| > απ/2. In this case, the components of the state decay to 0 like t −α .
• stable iff either it is asymptotically stable or those critical eigenvalues which satisfy | arg(spec(A))| = απ/2 have geometric multiplicity one.
Here the set of all eigenvalues of the square matrix A is denoted by spec(A) and the argument of the eigenvalues of A is denoted by arg(spec(A)). Suppose that the uncontrolled homogeneous system
fails to be asymptotically stable. Any system described for example by differential equation of the evolution type can be converted into a control system by adding an input variable representing the action of some controller upon the system. Then (3.1) becomes of the form (2.7).
One of the tasks of the control analyst is to use the control u in such a way that the system is made as stable. For the sake of simplicity for both implementation and analysis, the traditionally favored means for accomplishing this objective is the use of a linear feedback control
where the control u(t) is determined as a linear function of the current state x(t). The problem now becomes that of choosing the m × n feedback matrix K in such a way that the modified homogeneous system realized by substituting (3.2) into (2.7) P r o o f. Assume that the system (2.7) is controllable. Then the adjoint system (2.9) and (2.10) is observable and the corresponding observability Grammian matrix (2.6) is positive definite for T > 0. Then, for each T > 0, the linear feedback control law
stabilizes (2.7). Now we compute
Since W is symmetric and positive definite for T > 0, we can modify (3.3) as follows:
We add and subtract the following integrals
H.S of (3.4). Then we get
Then,
is the stability matrix. So all the eigenvalues of A + BK have negative real part. That is,
Therefore the system (2.7) is stabilizable. 2
Remark 3.1. Theorem 3.1 shows that every controllable system is stabilizable, but in general the converse is not true. A system
with | arg(spec(A))| = απ/2 is stable but clearly not controllable.
Examples
In this section, we apply the results established in the previous section to the following fractional dynamical systems. 
Then the Mittag-Leffler matrix function for given matrix A is
and
3)
The corresponding controllability Grammian matrix for this system is
Therefore the system (4.1) is controllable. The adjoint of the system (4.1) is
In this case, the observability Grammian matrix is
Then the system (4.4)-(4.5) is observable, because the system (4.1) is controllable.
Example 4.2. Consider the following MIMO system
(4.7) When there is no control term in (4.6), it becomes
The eigenvalues of the above matrix are 1 and −1, and then
Therefore the system C D 1/2 0+ x(t) = Ax(t) is unstable (see Figure 1) . The controllability Grammian matrix for the system (4.6) is 
From Theorem 3.1, the matrix Therefore the system (4.9) is stable, and consequently the system (4.6) is stabilizable (see Figure 2 ). where the function f (t) represents the loading force and a = 0, b, c ∈ R, arises for example, in the modeling of the motion of a rigid plate immersed Figure 2 . The system (4.9) is stable in a Newtonian fluid (see [15, 13] ). Additionally we will assume that y (t) is continuous function for t ≥ 0. Now, we can introduce the following auxiliary variables y 1 (t) = y(t),
0+ y 2 (t), and y 4 
The original Bagley-Torvik equation (4.10) in the form of a system of fractional differential equations of order 1/2. We highlight that any system described for example by differential equation of evolution type can be converted into a control system by adding an input variable representing the action of some controller upon the system. Then (4.10) becomes,
Here we must remark that it is well known that I Therefore, the system (4.12) is unstable (see Figure 3) . The controllability Grammian matrix for the system (4.11) is The system (4.13) is stable, consequently, the system (4.11) is stabilizable (see Figure 4 ).
Conclusion
This paper presents the stabilizability results of linear fractional MIMO systems in finite dimensional spaces by using the duality results of controllability and observability of linear fractional dynamical systems and feedback control. This stabilization by using linear feedback control was well known and is have been used early the development of modern control theory. The fundamental idea of feedback control is to use the information on inputs and outputs to choose the current value of the input. Finally some numerical examples with simulations are provided to illustrate the theoretical results.
